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Abstract: A hydraulic jump is a flow singularity characterised by a significant amount of air entrainment in 
the shear zone. The air is entrapped at the jump toe that is a discontinuity between the impinging flow and 
the roller. The impingement point is a source of air bubbles, as well as a source of vorticity. Herein  the 
convective transport of air bubbles in the jump roller is re-visited. Some analytical extension is presented and 
the theoretical results are compared with some laboratory experiments conducted in a large size facility 
operating at large Froude numbers. The turbulent air bubble mixing coefficient was found to increase 
linearly with increasing distance and be independent of the Froude and Reynolds numbers. Overall the study 
highlighted some seminal features of the air-water shear layer in hydraulic jumps with large Froude numbers 
(5.1 < Fr1 < 11.2). The air bubble entrainment in the mixing zone was a convective transport process, 
although there was some rapid flow de-aeration for all Froude numbers. 
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INTRODUCTION 
A hydraulic jump is characterised by a significant amount of air entrainment (RAJARATNAM 1962,1967, 
WISNER 1965) . The air is entrapped at the jump toe that is a discontinuity between the impinging flow and 
the roller (Fig. 1). Figure 1 illustrates a prototype situation during a flash food. In a hydraulic jump roller, 
two distinct air-water regions may be distinguished: the air-water shear region and the upper free-surface 
layer. The air-water shear layer is characterised by a transfer of momentum from the high-velocity jet flow to 
the recirculation region above, as well as by a convective transport of the entrained air bubbles. In the upper 
free-surface region, the air-water flow is characterised by an uncontrolled exchange of air and water between 
the recirculation region and the atmosphere. 
The hydraulic jump is classified in terms of its inflow Froude number 111 dg/VFr   that is always 
greater than unity, where V1 is the inflow velocity, g is the gravity acceleration and d1 is the upstream flow 
depth. The physical observations demonstrated that, at large Froude numbers, a hydraulic jump is 
characterised by a marked roller with a large rate of energy dissipation, some spray and splashing, and some 
air entrainment (Fig. 1). Some recent reviews include HAGER (1992) and CHANSON (2009a). The first 
successful air-water flow measurements in hydraulic jumps were conducted by RAJARATNAM (1962). 
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Table 1 summarises a number of important contributions, including the milestone study of RESCH and 
LEUTHEUSSER (1972) who demonstrated that the bubble entrainment process and energy dissipation are 
strongly affected by the inflow conditions. To date, most experimental studies were conducted with partially-
developed inflow conditions, for which CHANSON (1995) highlighted some similarity with the air 
entrainment process in plunging jets. With partially-developed inflow conditions, the upstream flow is 
characterised by a developing turbulent boundary layer beneath an ideal fluid flow region. Recently 
MURZYN and CHANSON (2008) re-analysed some Froude similar experiments (Fr1 = 5.1 & 8.5) conducted 
with Reynolds numbers between 2.4104 and 9.8104. Their results showed some drastic scale effects in the 
smaller hydraulic jumps in terms of void fraction, bubble count rate and bubble chord time distributions for 
Re < 4104, with lesser entrained air and comparatively larger entrained bubbles in the smallest jumps. 
In hydraulic structures, the entrainment of air within hydraulic jumps is studied because of the flow bulking 
induced by the entrained air and the requirements for higher stilling basin sidewalls downstream of spillways 
(HAGER 1992, CHANSON 1997). The relevant two-phase flow parameter is the distributions of void 
fractions. Air entrainment contributes further  to some air-water mass transfer (e.g. re-oxygenation) (AVERY 
and NOVAK 1978), and the relevant air-water flow properties are the distributions of bubble count rate and 
of bubble sizes. The entrained bubbles interact also with the turbulence structures, yielding to some turbulent 
dissipation and the formation of bubble clusters (CHANSON 2007). The study of bubble clustering is 
relevant to infer whether the formation frequency responds to some particular frequencies of the flow. In 
hydraulic jumps, the clustering index may provide a measure of the vorticity production rate, of the level of 
bubble-turbulence interactions and of the associated energy dissipation. Altogether both macro- and micro-
scopic air-water flow properties are required to characterise completely the hydraulic jump flow. 
In the present study, the convective transport of air bubbles in the hydraulic jump roller is re-visited. Some 
analytical extension is presented and the theoretical results are compared with some laboratory experiments 
conducted in a large size facility operating at large Froude and Reynolds numbers (3.6 < Fr1 < 12.4, 2.9104 
< Re < 9.3104). These conditions are representative of some small full-scale storm waterways and could be 
considered as a 10:1 scale study of the culvert operation seen in Figure 1. Herein the focus of the work is on 
the turbulent mixing and convective transport of air bubbles in the developing shear layer supported by 
detailed air-water flow properties in hydraulic jumps with large upstream Froude numbers. 
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(A) General view 
 
(B) Details of the jump roller at high-shutter speed (1/80 s) 
Fig. 1 - Air entrainment in a hydraulic jump located in a culvert inlet in Brisbane during a flash flood in May 
2009 - Flow from left to right, Re ~ 3106 
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Table 1 - Experimental investigations of air-water flow properties in hydraulic jumps 
 
Reference d1 Fr1 Re x1 W Instrumentation 
    m m  
(1) (2) (3) (4) (5) (6) (7) 
LABORATORY STUDIES       
RAJARATNAM (1962) 0.0254 2.7 to 8.7 3.4 104 to 
1.1105 
-- 0.31 Conductivity probe. 
RESCH & 
LEUTHEUSSER (1972) 
0.039 & 
0.012 
3.0 to 8.0 9.7 to 
2.4104 
0.39 to 
7.8 
0.39 Hot-film probe (=0.6 mm). 
BABB & AUS (1981) 0.035 6.0 1.2 105 -- 0.46 Hot-film probe (=0.4 mm). 
CHANSON (1995) 0.016 to 
0.017 
5.0 to 8.1 3.1 to 
5.0104 
0.7 to 
0.96 
0.25 Single-tip phase-detection 
probe (=0.35 mm). 
MOSSA & TOLVE (1998) 0.0185 
to 0.020 
6.42 to 7.3 5.2 to 
6.2104 
0.90 0.40 Video-imaging. 
CHANSON & 
BRATTBERG (2000) 
0.014 6.3 & 8.5 3.3 & 
4.4104 
0.50 0.25 Dual-tip phase-detection 
probe (=0.025 mm). 
MURZYN et al. (2005) 0.021 to 
0.059 
2.0 to 4.8 8.8 to 
4.6104 
0.35 0.30 Dual-tip phase-detection 
probe (=0.010 mm). 
CHANSON (2007) 0.013 to 
0.029 
5.1 to 8.6 2.5 to 
9.8104 
0.50 & 
1.0 
0.25 & 
0.50 
Single-tip phase-detection 
probe (=0.35 mm). 
GUALTIERI & 
CHANSON (2007) 
0.012 5.2 to 14.3 2.4 to 
5.8104 
0.50 0.25 Single-tip phase-detection 
probe (=0.35 mm). 
KUCUKALI & 
CHANSON (2008) 
0.024 4.7 to 6.9 5.4 to 
8.0104 
1.0 0.50 Single-tip & dual-tip phase-
detection probes (=0.35 & 
0.25 mm). 
MURZYN & CHANSON 
(2009) 
0.018 5.1 to 8.3 3.8 to 
6.2104 
0.75 0.50 Dual-tip phase-detection 
probe (=0.25 mm). 
FIELD STUDY       
VALLE & PASTERNACK 
(2006) 
0.22 (*) 2.8 (*) 9105 -- 2 Time Domain Reflectometry 
(TDR). 
Present study 0.018 to 
0.019 
3.6 to 12.4 2.9 to 
9.3104 
0.75 0.50 Visual & video observations. 
 0.0185 5.14 4.0104 0.75 0.50 Dual-tip phase-detection 
 0.018 7.47 5.6104   probe (=0.25 mm) 
 0.018 9.21 6.9104   measurements. 
 0.018 10.0 7.5104    
 0.01783 11.2 8.3104    
 
Notes: d1: upstream flow depth; Fr1: upstream Froude number ( 111 dg/VFr  ); Re: Reynolds number 
(Re=V1d1/); W: channel width; x1: distance between the upstream gate and jump toe; (*): corrected data. 
 
CONVECTIVE TRANSPORT OF AIR BUBBLES IN THE MIXING LAYER 
In hydraulic jumps with partially-developed inflow conditions, the experimental data demonstrated 
conclusively that the void fraction distributions exhibited a characteristic shape in the developing shear layer 
with a local maximum in void fraction (RESCH and LEUTHEUSSER 1972, THANDAVESWARA 1974, 
CHANSON 1995). This shape is  sketched in Figure 2 (Top Right). The void fraction distributions followed 
closely an analytical solution of the diffusion equation first solved for a hydraulic jump by CHANSON 
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(1995,1997), and the findings are extended herein. The air bubble entrainment is localised at the intersection 
of the impinging water jet with the receiving body of water. The air bubbles are entrained locally at the toe of 
the jump (Fig. 2, Top Left). The impingement perimeter is a source of air bubbles, as well as a source of 
vorticity. For a small control volume and neglecting the buoyancy and compressibility effects, the continuity 
equation for air bubbles becomes: 
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where C is the void fraction, V1 is the convection velocity, x is the longitudinal coordinate, y is the vertical 
elevation above the channel bed, the bubble rise velocity ur is assumed constant, and Dt is the air bubble 
diffusivity. Equation (1) is based upon the assumptions of an uniform velocity distribution and constant 
diffusivity independent of the longitudinal and transverse location. With a change of variable 
( yV/uxxX 1r1  ), Equation (1) becomes a two-dimensional diffusion equation (CRANK 1956): 
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In the hydraulic jump roller, the air bubbles and packets are entrained at the jump toe acting as a point source 
located at (x-x1 = 0, y = d1) where d1 is the upstream flow depth (Fig. 2). The strength of the source equals 
Qair/W where Qair is the entrained air volume and W is the channel width. Equation (2) may be solved by 
applying the method of images assuming a diffusivity independent of the vertical co-ordinate y and an 
advection velocity independent of x. The complete analytical solution is: 
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where X' = X/d1, y' = y/d1, and D# is a dimensionless diffusivity: )dV/(DD 11t
#  . In the right handside 
term of Equation (3), the first term is the contribution of the real source (i.e. jump toe) and the second term is 
the contribution of the imaginary source located at (x-x1 = 0, y = -d1). 
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Fig. 2 - Sketch of air bubble entrainment in hydraulic jumps with partially-developed inflow conditions - 
(Top Left) Air water flow regions - (Top Right) Vertical distribution of void fraction in the hydraulic jump 
roller - (Bottom Left) Vertical distribution of bubble count rate - (Bottom Right) Vertical distribution of 
velocity 
 
Remark 
A simpler solution was proposed earlier in the form of (CHANSON 1995): 
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where YCmax is the location where the void fraction is maximum in the developing shear layer. Equation (4) is 
a limiting case of Equation (3) assuming that the effects of buoyancy are accounted for by YCmax, the 
contribution of the imaginary source term is small, and 'XD4/)Q/Q(C #airmax  . 
Note that Equation (3) is restricted to the air-water shear layer corresponding typically to y < y* where y* is 
the local minimum in void fraction between the bubbly shear flow region and the upper free-surface region 
(Fig. 2, Top right). 
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EXPERIMENTAL SETUP 
The experiments were performed in the Gordon McKAY Hydraulics Laboratory at the University of 
Queensland. The channel was horizontal, 3.2 long and 0.5 m wide. The sidewalls were made of 3.2 m long, 
0.45 m high glass panels and the bed was made of 12 mm thick PVC sheets. The inflow was controlled by an 
upstream undershoot gate, and the downstream flow conditions were controlled by a vertical overshoot gate. 
The same flume was used previously by CHANSON (2007), KUCUKALI and CHANSON (2008) and 
MURZYN and CHANSON (2009), but new flow conditions were tested herein (Table 1). 
The channel was fed by a constant head tank. The water discharge was measured with a Venturi meter 
located in the supply line that was calibrated on-site with a large V-notch weir. The discharge measurements 
were accurate within 2%. The clear-water flow depths were measured using rail mounted point gages with a 
0.2 mm accuracy. The inflow conditions were controlled by a vertical gate with a semi-circular rounded 
shape ( = 0.3 m) and the downstream coefficient of contraction was about unity. The upstream gate 
aperture was fixed during all experiments (h = 0.018 m). 
Additional information was obtained with some digital cameras, while some movies of the experiments were 
presented by CHANSON (2009b) together with the complete data sets. 
 
Air-water flow instrumentation 
The air-water flow properties were measured with a double-tip phase-detection probe. The probe was 
equipped with two identical sensors with an inner diameter of 0.25 mm. The longitudinal distance between 
probe tips was x = 6.96 mm while the transverse separation distance between tips was z = 2.08 mm. The 
displacement and the position of the probe in the vertical direction were controlled by a fine adjustment 
system connected to a Mitutoyo digimatic scale unit with a vertical accuracy of less than 0.1 mm. The 
dual-tip probe was excited by an electronic system (Ref. UQ82.518) designed with a response time of less 
than 10 s. During the experiments, each probe sensor was sampled at 20 kHz for 45 s. The analysis of the 
probe voltage output was based upon a single threshold technique, with a threshold set between 45% and 
55% of the air–water voltage range. The single-threshold technique is a robust method that is well-suited to 
free-surface flows (TOOMBES 2002, CHANSON and CAROSI 2007). 
The processing of the probe signal yielded a number of air-water flow properties, including the void fraction 
C defined as the volume of air per unit volume of air and water, the bubble count rate F defined as the 
number of bubbles impacting the probe tip per second, and the air chord time distributions where the chord 
time is defined as the time spent by the bubble on the probe tip. 
The air-water interfacial velocity V was calculated as V = x/T where x is the longitudinal distance 
between both tips (x = 6.96 mm) and T is the average air-water interfacial time between the two probe 
sensors (CROWE et al. 1998, CHANSON 1997,2002). T was deduced from a cross-correlation analysis. The 
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turbulence level Tu characterised the fluctuations of the air-water interfacial velocity between the probe 
sensors. It was deduced from the shapes of the cross-correlation Rxz and auto-correlation Rxx functions 
(CHANSON and TOOMBES 2002, CHANSON 2002). The analysis of the probe signal time series provided 
further information on the bubble chord times and the longitudinal air-water structure of the flow. 
 
Experimental flow conditions 
For all experiments, the jump toe was located at a distance x1 = 0.75 m from the upstream rounded gate and 
the same gate opening h = 0.018 m was used for the whole study. For these conditions, the inflow depth 
ranged from 0.0178 to 0.019 m depending upon the flow rate (Table 1, column 2). Based on previous 
experiments made with the same experimental facility (CHANSON 2005), the inflow was characterised by a 
partially-developed boundary layer. 
Two series of experiments were conducted (Table 1). The first series focused on the visual properties of 
hydraulic jumps. The experiments were performed with inflow Froude numbers between 3.4 and 12.4 
corresponding to Reynolds numbers between 2.9104 and 9.3104 In the second series of experiments, some 
detailed air-water flow measurements at the sub-millimetric scale were conducted using the double-tip phase-
detection probe. The flow conditions corresponded to Froude numbers between 5.1 and 11.2 and Reynolds 
numbers between 4 104 and 8.3104, although the focus of the study was on the hydraulics jumps with large 
Froude and Reynolds numbers (Fr1 > 7, Re > 5104). 
 
BASIC AIR-WATER FLOW PROPERTIES 
Flow patterns 
The hydraulic jump marked a singularity in terms of the flow depth, and the velocity and pressure fields. It 
was characterised by the development of large-scale turbulence in the roller. At the jump toe, the air bubbles 
and air packets were entrained into a developing shear layer that was characterised by some intensive 
turbulence production of large coherent vortices with horizontal axes perpendicular to the flow direction 
(Fig. 2). The air entrainment took place in the form of air bubbles and pockets entrapped at the impingement 
of the upstream supercritical flow with the jump roller. The air pockets were broken up in smaller air bubbles 
as they were advected downstream in the shear region that was characterised by some large void fractions 
and bubble count rates. In the recirculating region above the developing shear layer, some unsteady flow 
reversal and recirculation took place. The high-speed photographs showed a significant amount of air-water 
ejections and splashes above the roller (Fig. 3). The ejected packets took different forms ranging from 
elongated fingers to single droplets and air-water packets, and Figure 3 presents some photographic 
examples. 
The location of the jump toe was constantly fluctuating around an average position (x = x1). The jump toe 
pulsations were caused by the growth, advection and pairing of large scale vortices in the developing shear 
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layer (LONG et al. 1991, HABIB et al. 1994). Herein the toe oscillation frequencies Ftoe were typically about 
0.3 to 0.8 Hz (Table 2, column 7). The results are summarised in Figure 4 where they are compared with 
earlier studies. The frequency Fej of the large-scale vortical structures as well as their advection velocity Vej 
were also recorded using some frame-by-frame replay of video-records at 30 fps, and tracking the large 
coherent structures in the developing shear layer (Table 2, columns 8 & 9). The data are presented in Figures 
4 and 5. Herein Fej represents the rate of production of large-scale coherent structures advected in the 
developing shear layer. Figure 4 summarises the observations in terms of the Strouhal numbers Ftoed1/V1 
and Fejd1/V1 as functions of the Reynolds number V1d1/. The data are compared with the jump toe 
fluctuation data of LONG et al. (1991) MOSSA and TOLVE (1998), CHANSON (2007) and MURZYN and 
CHANSON (2009). Noteworthy the jump toe fluctuation frequencies Ftoe were almost equal to the 
production rate Fej of large scale vortical structures. The finding supported the assertion that the jump toe 
oscillations are caused by the formation and downstream advection of large scale vortices in the shear layer. 
 
 
(A) Looking downstream at the jump toe with the probe tip located at x-x1 = 0.075 m - Fr1 = 5.1, Re = 
4.0104, d1 = 0.0185 m, x1 = 0.75 m, shutter speed: 1/80 s 
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(B) Looking upstream at the splashes above roller with the probe tip located at x-x1 = 0.150 m - Fr1 = 7.5, Re 
= 5.6104, d1 = 0.018 m, x1 = 0.75 m, shutter speed: 1/80 s 
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(C) Fr1 = 7.5, Re = 5.6104, d1 = 0.018 m, x1 = 0.75 m, shutter speed: 1/80 s - From Top Left, anti-
clockwise: (C1) Side view with the probe tip located at x-x1 = 0.075 m; (C2) Looking upstream above the 
roller with the probe tip located at x-x1 = 0.075 m; (C3) Looking upstream above the roller with the probe tip 
located at x-x1 = 0.35 m; (C4) Looking downstream at the jump toe with the probe tip located at x-x1 = 0.35 
m 
Fig. 3 - High-shutter speed photographs of air-water projections above the hydraulic jump roller 
 
Figure 5 presents the dimensionless advection speed Vej/V1 of the large scale coherent structures in the 
developing shear layer. The advection speed represented the average convection velocity of the large 
coherent structures in the mixing layer. The data were nearly independent of the Reynolds number and they 
yielded in average: Vej/V1 = 0.32 for 5.1 < Fr1 < 11.2. For comparison, the observations of BROWN and 
ROSHKO (1974) gave a convective speed Vej/V  0.24 in a free shear layer with a transverse velocity 
gradient V. 
 
Table 2 - Measured flow properties of hydraulic jumps (Present study) 
 
Q V1 Fr1 Re d1  d2 Ftoe Fej Vej 
m3/s m/s   m m Hz Hz m/s 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
0.0147 1.55 3.6 2.9104 0.019 0.089 0.492 0.533 0.67 
0.0166 1.75 4.0 3.3104 0.019 0.104 0.392 0.2 0.75 
0.02225 2.34 5.4 4.4104 0.019 0.138 0.509 0.42 0.61 
0.0282 3.13 7.5 5.6104 0.018 0.178 0.833 0.733 0.75 
0.03255 3.52 8.3 6.5104 0.0185 0.206 -- 0.533 1.06 
0.0367 4.08 9.7 7.3104 0.018 0.23 -- 0.793 1.27 
0.0378 4.20 10.0 7.5104 0.018 -- 0.714 -- -- 
0.0399 4.43 10.6 7.9104 0.018 0.246 - 1.099 1.20 
0.04175 4.68 11.2 8.3104 0.0178 -- 0.765  -- 
0.047 5.22 12.4 9.3104 0.018 0.258 -- 1 1.69 
 
Notes: d1: upstream flow depth; d2: downstream flow depth; Fr1: upstream Froude number; Fej: large-scale 
vortical structure ejection frequency; Ftoe; jump toe horizontal oscillation frequency; Q: water discharge; Re: 
Reynolds number; Vej: advection velocity of large-scale vortical structures; V1: upstream flow velocity; (--): 
data not available. 
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Fig. 4 - Dimensionless relationship between Strouhal number and Reynolds number in hydraulic jumps: 
oscillations of the jump toe (Data: LONG et al. 1991, MOSSA and TOLVE 1998, CHANSON 2007, 
MURZYN and CHANSON 2009, Present study) and ejection frequency of large scale vortical structures 
(Data: Present study) 
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Fig. 5 - Dimensionless advection speed of the large scale vortical structures in the developing shear layer of 
hydraulic jumps - Comparison between the present data and the observations of BROWN and ROSHKO 
(1974) in a free shear layer 
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Void fraction and bubble count rate distributions 
In the air-water shear layer, the void fraction profiles followed closely an analytical solution of the 
convective transport of air bubbles (Eq. (3)). This is seen in Figure 6 at four longitudinal locations in a 
hydraulic jump (Fr1 = 11.2). In practice, the comparison between experimental data and theoretical results 
showed that, in Equation (3), the effects of the imaginary source term were small, and the effects of 
buoyancy were best accounted for using the measured location of the maximum void fraction (YCmax) (Eq. 
(4)). 
Some typical values of the dimensionless turbulent air bubble mixing coefficients D# = Dt/(V1d1) are 
presented in Figure 7A as a function of the Reynolds number Re. Herein the turbulent mixing coefficient was 
deduced from the best data fit. Despite some scatter, the diffusivity data yielded an average dimensionless 
diffusivity Dt/(V1d1) = 0.044 for all three experimental data sets (CHANSON 1997,2007, CHANSON and 
BRATTBERG 2000) and an average value of 0.042 for the present set of experiments. Within the range of 
experiments, the dimensionless diffusivity was found to be independent of the inflow Froude number and 
Reynolds numbers, although the data suggested some increase in D# with increasing distance (x-x1)/d1 from 
the jump toe. This is illustrated in Figure 7B. For the present study, the data were best correlated by: 
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for 7 < Fr1 < 11.5 with a normalised correlation coefficient of 0.925. Equation (5) is compared with the 
experimental data in Figure 7B. It is noteworthy to consider the longitudinal variation of the momentum 
exchange coefficient (or "eddy viscosity") in a developing shear layer. GOERTLER's (1942) solution of the 
Navier-Stokes equations implies a longitudinal distribution of the "eddy viscosity" function: 
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where K is a constant equal to 9 to 13.5 in monophase flows (RAJARATNAM 1976, SCHLICHTING 1979), 
and 4 to 10 in air-water flows (CHANSON 1997). Equations (5) and (6) show a same linear trend but with 
different coefficients. 
In the air-water shear layer, the void fraction distributions showed a local maximum in void fraction Cmax. 
That local maximum Cmax decreased with increasing distance (x-x1) from the impingement point while the 
diffusion layer broadened as illustrated in Figure 6. The data are summarised in Figure 8A where the 
maximum void fraction Cmax is plotted a function of the dimensionless longitudinal distance (x-x1)/d1 from 
the jump toe. The present data are compared with earlier data sets and all the data followed some exponential 
decay: 
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Fig. 6 - Dimensionless distributions of void fraction in the air-water shear layer: comparison between 
experimental data and theoretical model - Fr1 = 11.2, Re = 8.3104, d1 = 0.01783 m, x1 = 0.75 m - From Left 
to Right, Top to Bottom: (x-x1)/d1 = 12.6, 19.6, 36.4 and 50.5 
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(A) Dt/(V1d1) as a function of the Reynolds number Re = V1d1/ 
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(B) Dt/(V1d1) as a function of dimensionless distance from the jump toe (x-x1)/d1 - Comparison with 
Equation (5) 
Fig. 7 - Dimensionless turbulent diffusivity of air bubbles in the developing shear layer of hydraulic jumps - 
Experimental data: CHANSON (1997), CHANSON and BRATTBERG (2000), CHANSON (2007) and 
Present study 
 
CHANSON, H. (2010). "Convective Transport of Air Bubbles in Strong Hydraulic Jumps." International 
Journal of Multiphase Flow, Vol. 36, No. 10, pp. 798-814 (DOI: 10.1016/j.ijmultiphaseflow.2010.05.006) 
(ISSN 0301-9322). 
 
Page 16 
(x-x1)/d1
C
m
ax
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
Fr1=5.1 Present study
Fr1=7.5 Present study
Fr1=9.2 Present study
Fr1=10.0 Present study
Fr1=11.2 Present study
Fr1=7.6 MURZYN&CHANSON
Fr1=8.3 MURZYN&CHANSON
Fr1=5.1 CHANSON
Fr1=8.6 CHANSON
Fr1=6.3 CHANSON&BRATTBERG
Fr1=8.5 CHANSON&BRATTBERG
 
(A) Maximum void fraction in the air-water shear layer 
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(B) Maximum bubble count rate in the air-water shear layer - Comparison with Equation (9) 
Fig. 8 - Dimensionless longitudinal distributions of maximum void fraction Cmax and bubble count rate 
Fmax×d1/V1 in the air-water shear layer - Comparison between the present data set and the data of CHANSON 
and BRATTBERG (2000), CHANSON (2007) and MURZYN and CHANSON (2009) 
 
Some typical vertical profiles of bubble count rate are presented also in Figures 6. Each profile exhibited a 
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maximum count rate Fmax in the air-water shear layer and a secondary peak F2 in the upper free-surface 
region. Both definitions are sketched in Figure 2 (Bottom Left). The maximum bubble count rate Fmax was 
linked with a region of maximum shear stress. Noteworthy its location YFmax was consistently below the 
location YCmax of maximum void fraction in the air-water shear layer, possibly because of some buoyancy 
effect. The diffusion layer did not coincide with the momentum shear layer highlighting a double diffusion 
process whereby air bubbles and vorticity diffused in the shear region at different rates and in a different 
manner. The non-coincidence of Cmax and Fmax demonstrated that the interactions between the developing 
shear layer and air diffusion layer were complex. 
Figure 8B presents the longitudinal distribution of the maximum bubble count rate in the hydraulic jump. 
The present data series were compared with earlier studies and the results showed an exponential decay in 
maximum bubble count rate: 
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It is worthwhile to highlight that, for the present data set, the longitudinal distributions of maximum bubble 
count rate in the shear region seemed to reach an asymptotic profile at the largest Froude numbers (Fr1 > 9): 
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Equation (9) is shown in Figure 8B: it illustrates an upper limit of maximum bubble count rate in the air-
water shear region. It is unknown whether the asymptotic trend (Eq. (9)) is linked with a physical process or 
a limitation of the metrology. 
Several characteristic air-water flow parameters are regrouped in Figure 9, including the dimensionless 
location YCmax/d1 where the void fraction is maximum, YFmax/d1 corresponding to the location where the 
bubble count rate is maximum, the location y*/d1 corresponding to the boundary between the air-water shear 
layer and the upper free-surface region and Y90/d1 corresponding to the location where C = 0.90. The 
notation is explained in Figure 2. The data showed systematically that: 
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Fig. 9 - Longitudinal distributions of the dimensionless distances YFmax/d1, YCmax/d1, y*/d1 and Y90/d1 - 
Comparison between the present experimental data and the data of CHANSON and BRATBERG (2000) and 
MURZYN et al. (2005) 
 
Velocity and turbulent intensity distributions 
The air-water velocity measurements were conducted with the dual-tip conductivity probe based upon the 
mean travel time between the probe sensors and the distance between probe sensors (x = 6.96 mm). Some 
typical results are presented in Figure 10 for two Froude numbers (Fr1 = 9.2 & 10.0). The graphs present the 
dimensionless interfacial velocities V/Vmax in the hydraulic jump roller, where Vmax is the maximum velocity 
in a cross-section, measured at y = YVmax. At the channel bed, a no-slip condition imposed V(y=0) = 0. All 
the velocity profiles exhibited a similar shape despite some scatter. In the developing shear layer, the 
velocity profiles followed some wall jet pattern (RAJARATNAM 1965, CHANSON and BRATTBERG 
2000). The dimensionless distributions of interfacial velocities were best fitted by : 
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where Vrecirc is the recirculation velocity measured in the upper free-surface region, y0.5 is the vertical 
elevation where V = Vmax/2 and N is a constant (N  6). The present results followed closely the above 
equations, despite some data scatter caused by the unsteady and fluctuating nature of the flow (Fig. 10). This 
is illustrated in Figure 10 where the data are shown in a self-similar presentation and compared with 
Equation (12). 
The maximum velocity data Vmax showed a longitudinal decay with increasing distance from the jump toe 
(Fig. 11). They compared favourably with earlier observations as shown in Figure 11. All the data followed 
closely the empirical correlation: 
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Equation (13) is compared with the experimental data in Figure 11. 
In the recirculation region above the mixing zone, the present data indicated some negative time-averaged 
velocity (Fig. 10). This is sketched in Figure 2 (Bottom Right). For the present experiments, the recirculation 
velocity satisfied in average: Vrecirc/Vmax = -0.4. While the probe design was not well suited for some negative 
velocity measurements because the signals were adversely affected by the probe support wake, the present 
findings demonstrated that some recirculation velocity data could be qualitatively observed with the dual-tip 
probe. 
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(A, Left) Fr1 = 9.2, Re = 6.9104, d1 = 0.018 m, x1 = 0.75 m 
(B, Right) Fr1 = 10.0, Re = 7.5104, d1 = 0.018 m, x1 = 0.75 m 
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Fig. 10 - Dimensionless velocity distributions in hydraulic jumps - Comparison between experimental data 
and Equation (12) 
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Fig. 11 - Longitudinal distribution of dimensionless maximum velocity Vmax/V1 in hydraulic jumps - 
Comparison between the present data, the data of CHANSON and BRATTBERG (2000), KUCUKALI and 
CHANSON (2008), and MURZYN and CHANSON (2009), and Equation (13) 
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The turbulence intensity vx'/V1 was derived from a cross-correlation analysis between the two probe sensor 
signals. This approach was based on the width of the cross-correlation function relative to that of the auto-
correlation function (CHANSON and TOOMBES 2002). The turbulence level vx'/V1 characterised the 
fluctuations of the interfacial air-water velocity. Figure 12 presents some typical vertical distributions of 
turbulence intensity. The results showed some very high levels of turbulence, possibly linked with the bubble 
induced turbulence in the jump shear region, together with some basic assumptions underlying the turbulence 
intensity estimates (CHANSON and TOMBES 2002). In the mixing zone (y/d1 < 5 to 6), the turbulence 
levels increased with increasing distance from the bed y/d1 and with increasing Froude number. The former 
is seen in both Figures 12A and12 B, while the latter trend is illustrated by comparing Figures 12A (Fr1 = 10) 
and 12B (Fr1 = 11.2). 
Overall the present results were consistent with those obtained by KUCUKALI and CHANSON (2008) and 
MURZYN and CHANSON (2009), and they covered a wider range of flow conditions, especially for large 
Froude numbers (Table 1). In the upper free-surface region and recirculation region (y/d1 > 6), lower 
turbulence levels were observed. But it must be stressed that the probe design was not well suited for 
measurements in the recirculation region. 
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(A, Left) Fr1 = 10.0, Re = 7.5104, d1 = 0.018 m, x1 = 0.75 m 
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Fig. 12 - Dimensionless distributions of turbulence intensity vx'/V1 in hydraulic jumps 
 
AIR-WATER CHORD PROPERTIES 
The time-averaged air-water properties such as void fraction, interfacial velocity, bubble count rate did not 
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provide any information on the microscopic structure of the two-phase flow. Herein the air-water chord 
properties including the longitudinal structure of air and water were measured and analysed. 
 
Bubble chord time distributions 
The bubble chord times were recorded for all investigated flow conditions. The bubble chord time is 
proportional to the bubble chord length and inversely proportional to the velocity. In a complicated flow 
such as a hydraulic jump, some flow reversal and recirculation exist, and the phase-detection intrusive probes 
cannot discriminate accurately the direction nor magnitude of the velocity. The small bubble chord times 
corresponded to small bubbles passing rapidly in front the probe sensor, while large chord times implied 
large air packet flowing slowly past the probe sensor. For intermediate chord times, there were a wide range 
of possibilities in terms of bubble sizes depending upon the bubble velocity. 
Figures 13 and 14 show some typical normalised bubble chord time distributions for two inflow Froude 
numbers. Figure 13 presents some data in the air-water shear layer at the characteristic location YFmax where 
the bubble count rate was maximum (F = Fmax). Figure 14 illustrates some data in the upper free-surface 
region at the location of the secondary peak in bubble count rate (F= F2 and y = YF2). For each figure, the 
legend provides the location (x-x1, y/d1) and the local air-water flow properties (C, F, V). The histogram 
columns represent each the probability of droplet chord time in a 0.25 ms chord time interval. For example, 
the probability of bubble chord time from 1 to 1.25 ms is represented by the column labelled 1 ms. Bubble 
chord times larger than 10 ms are regrouped in the last column (> 10 ms). 
The experimental data showed systematically a number of features. First note the broad spectrum of bubble 
chord times at each location (Fig. 13 & 14). The range of bubble chord times extended over several orders of 
magnitude, including at low void fractions, from less than 0.1 ms to more than 20 ms. Second the 
distributions were skewed with a preponderance of small bubble chord time relative to the mean. In Figure 
13, corresponding to the air-water shear region, the probability of bubble chord time is the largest for chord 
times between 0.5 and 1 ms. In Figure 14, the mode is about 0.5 to 2 ms and the result was typical of the 
upper free-surface region. The probability distribution functions of bubble chord time tended to follow in 
average a log-normal distribution, although a gamma distribution provided also a good fit. Note that a similar 
finding was observed by CHANSON (2007). 
Third, it is noted that the bubble chord time distributions had a similar shape at most vertical elevations y/d1 
although the air-water structures may differ substantially. This is seen by comparing Figures 13 and 14. 
Although the quantitative values differed, the overall shape of the bubble chord time was similar. 
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(B) Fr1 = 11.2, Re = 8.3104, d1 = 0.01783 m, x1 = 0.75 m 
Fig. 13 - Bubble chord time distributions in the air-water shear layer at the characteristic location where F = 
Fmax 
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(x-x1)/d1=19.4, F=F2
 
(x-x1)/d1 y/d1 C Fd1/V1 V/V1 
4.17 3.11 0.519 0.248 -- 
12.50 3.58 0.422 0.247 -- 
19.44 6.42 0.380 0.146 -- 
(A) Fr1 = 7.5, Re = 5.6104, d1 = 0.018 m, x1 = 0.75 m 
Bubble chord time (ms)
PD
F
0 1.5 3 4.5 6 7.5 9 10.5
0
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0.15
0.18
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0.24
0.27
0.3 >10 ms
(x-x1)/d1=-11.2, F=F2
(x-x1)/d1=+8.4, F=F2
(x-x1)/d1=+12.5, F=F2
 
(x-x1)/d1 y/d1 C Fd1/V1 V/V1 Remark 
-11.2 1.04 0.486 0.260 0.93 Upstream flow 
8.41 4.68 0.721 0.112 -- Hydraulic jump roller 
22.43 6.37 0.275 0.126 -- Hydraulic jump roller 
(B) Fr1 = 11.2, Re = 8.3104, d1 = 0.01783 m, x1 = 0.75 m - Comparison with the upstream flow properties 
Fig. 14 - Bubble chord time distributions in the upper free-surface region at the characteristic location where 
F = F2 
 
In the free-surface region, the data showed a large amount of bubble chord times larger than 10 ms (Fig. 14). 
CHANSON, H. (2010). "Convective Transport of Air Bubbles in Strong Hydraulic Jumps." International 
Journal of Multiphase Flow, Vol. 36, No. 10, pp. 798-814 (DOI: 10.1016/j.ijmultiphaseflow.2010.05.006) 
(ISSN 0301-9322). 
 
Page 25 
The results were consistent with the visual observations indicating some large air bubbles and a foamy 
bubbly flow structure next to the free-surface (Fig. 3). In Figure 14B, the bubble chord time data are also 
compared with the chord time distribution in the upstream flow region at (x-x1)/d1 = -11.2. The comparison 
suggested some similarity, although there were some basic differences: (a) the upstream flow was little 
aerated, and (b) the bubble chord times were smaller in the free-surface region of the upstream flow. 
 
Bubble clustering 
In the air-water flows, the void fraction and bubble count rate were some gross parameters that could not 
describe the air-water structures nor the interactions between entrained bubbles and turbulent shear. The 
present experimental results demonstrated a broad spectrum of bubble chord times extending over several 
orders of magnitude and the distributions of chord times were skewed with a preponderance of small bubbles 
relative to the mean (Fig. 13 & 14). Some signal processing provided further information on the longitudinal 
structure of the air-water flow including bubble clustering. The study of particle clustering events is relevant 
to infer whether the formation frequency responds to some particular frequencies of the flow. 
When two bubbles are closer than a particular time/length scale, they can be considered a group of bubbles: 
i.e., a cluster. The characteristic water time/length scale may be related to the water chord statistics or to the 
near-wake of the preceding particle (CHANSON and TOOMBES 2002, CHANSON and CAROSI 2007). 
Herein the latter approach was applied following CHANSON et al. (2006). Two bubbles were considered 
parts of a cluster when the water chord time between the bubbles was less than the bubble chord time of the 
lead particle. That is, when a bubble trailed the previous bubble by a short time/length, and was in the near-
wake of and could be influenced by the leading particle. Note the criterion does not rely upon the velocity 
measurement technique, but implies that the streamwise velocity is positive. 
Figure 15 presents some typical characteristics of the bubble clusters in the developing shear layer. All the 
data were recorded at the characteristic location y = YFmax where the bubble count rate was maximum (F = 
Fmax). Figure 15 includes the longitudinal distributions of number of clusters per second, the percentage of 
bubbles in clusters, the average number of bubbles per cluster, and the probability distribution function of the 
number of bubbles per cluster for Fr1 = 10. 
The experimental results showed systematically a number of trends. The number of clusters per second was 
substantial in the air-water shear layer, reaching up to 50 clusters per second for Fr1 = 10 and 11. Further the 
number of clusters decreased rapidly with increasing longitudinal distance (Fig. 15A). The present data 
showed an exponential decay in the number of clusters: 
 


 
1
1
1
1c
d
xxexp
V
dN
 (14) 
where Nc is the number of clusters per second. 
The experimental results highlighted that a significant proportion of bubbles were parts of a cluster structure 
in the air-water shear zone. That is, more than one third of all bubbles in the beginning of the shear layer ((x-
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x1)/d1 < 10) for 7.5 < Fr1 < 11.2. The percentage of bubbles in clusters decreased with increasing longitudinal 
distance as seen in Figure 15B. The present findings differed from the results of CHANSON (2007) who 
found only a small proportion of bubbles in clusters. While a different cluster criterion was used by 
CHANSON (2007), it is believed that the key difference was the larger range of inflow Froude numbers 
tested in the present study. The present results showed indeed that the proportion of bubbles forming some 
clusters was the largest at the largest Froude numbers (9.2 < Fr1 < 11.2) (Fig. 15B). 
In average, the number of bubbles per cluster ranged from 2.7 down to 2.2 and decreased with increasing 
distance from the jump toe (Fig. 15C & 15-D). The longitudinal pattern is illustrated in Figure 14D showing 
the probability distribution function of the number of bubbles per clusters at three longitudinal locations for 
one experiment (Fr1 = 10). It is however important to stress that the present study focused on the longitudinal 
flow structure and it did not account for bubble travelling side-by-side. 
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(A, Left) Dimensionless number of cluster per second Ncd1/V1 
(B, Right) Percentage of bubbles in clusters 
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(C, Left) Number of bubbles per cluster 
(D, Right) Probability distribution functions of the number of bubbles per cluster for Fr1 = 10.0 
Fig. 15 - Characteristics of bubble clusters in the air-water shear layer at the locations where F = Fmax (y = 
YFmax) 
 
A comparative analysis was conducted on the bubble chord times, between all the bubbles and the bubbles in 
clusters only. A typical comparison is presented in Figure 16. The results showed that the distribution of 
bubble chord times were comparable and nearly identical for both the whole bubble sample and the bubbles 
in cluster structures. Simply there was no preferential bubble chord in the clusters as illustrated in Figure 16. 
The findings contradict the earlier study of CHANSON (2007) based upon an inter-particle arrival time 
analysis. It is believed that a major issue was the assumptions underling the inter-particle arrival time 
analysis (EDWARDS and MARX 1995, HEINLEIN and FRITCHING 2006). The method considers an ideal 
dispersed flow driven by a superposition of Poisson processes assuming non-interacting particles. The latter 
assumption (non-interacting particles) is incorrect in the developing shear layer of a hydraulic jump where 
the air bubbles are subjected to a wide range of interactions including bubble trapping in the large-scale 
vortices, bubble breakup by turbulent shear, and bubble collisions and coalescence. 
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(A) (x-x1)/d1 = 8.4, F = Fmax = 219 Hz, Nc = 46.9 Hz 
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(B) (x-x1)/d1 = 22.4, F = Fmax = 181 Hz, Nc = 30.7 Hz 
Fig. 16 - Probability distribution functions of bubble chord time in the air-water shear layer - Comparison 
between all the bubbles and the bubbles forming parts of a cluster structure - Fr1 =11.2, Re = 8.3 104, d1 = 
0.0178 m, x1 = 0.75 m 
 
CONCLUSION 
The hydraulic jump is a singularity in terms of the flow depth, and the velocity and pressure fields, 
associated with the development of large-scale turbulence in the roller and some air bubble entrainment. An 
experimental study was performed herein in some hydraulic jumps with partially-developed inflow with 
large Froude numbers. Some detailed air-water flow measurements were conducted in a relatively large-size 
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facility (5.1 < Fr1 < 11.2 & 4.0 104 < Re < 8.3 104). 
In the developing shear layer, the distributions of void fractions may be modelled by a convective transport 
equation. The analytical solution of CHANSON (1995) was refined and the experimental data demonstrated 
a close agreement with the theoretical developments. The turbulent air bubble mixing coefficient was 
observed to be independent of the Froude and Reynolds numbers. However it increased linearly with the 
distance from the jump toe in a manner somehow similar to the momentum exchange coefficient in a 
developing shear layer. 
The experimental observations highlighted a significant air entrainment in the jump roller as well as some 
spray and splashing above the roller. The observations of jump toe fluctuations were close to earlier studies, 
and the new data showed that the jump toe oscillation frequency was equal to the production rate of large-
scale vortical structures in the developing shear layer. Some video observations highlighted that the average 
advection speed of these large coherent structures was in average Vej/V1  0.32 in the developing shear layer. 
The basic air-water flow properties presented the same trends as earlier studies performed with lower Froude 
numbers. The void fraction distributions presented a local maximum in the air-water shear layer and its value 
decreased quasi-exponentially with increasing distance from the jump toe. The air-water mixing layer was 
characterised by a maximum in bubble count rate. The depth-averaged void fraction data demonstrated a 
large amount of entrained air as well as a rapid de-aeration of the jump roller. The velocity profiles followed 
closely some wall jet equations. 
The bubble chord time distributions showed a broad range of entrained bubble chord times spreading over 
two orders of magnitudes. A detailed analysis of the longitudinal structure of the air and water chords 
suggested a significant proportion of bubble clustering in the developing shear region, especially close to the 
jump toe. In average the number of bubbles per clusters ranged from about 2.7 down to 2.2 with increasing 
distance from the jump toe. The data showed further that, in the shear layer, there was no preferential bubble 
chord time in the cluster structures. Overall the study highlighted some seminal features of the air-water 
shear layer in hydraulic jumps with large Froude numbers (5.1 < Fr1 < 11.2). The transport of air in the 
mixing zone was a convective transport process, although there was some rapid flow de-aeration for all 
Froude numbers. 
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